We map a small isotropic homogeneous elastic sphere of radius ηr1, with 0 < η ≤ 1, into a larger, η dependent, isotropic homogeneous sphere of radius r1 and a thick isotropic homogeneous shell ηr1 < r ≤ r2 into a thinner heterogeneous shell r1 < r ≤ r2 with an elasticity tensor C without the minor symmetries. Importantly, C which also depends on η, does not exhibit any singularities and the density remains finite and nonzero everywhere within the cloak. By varying the parameter η, we generate a class of soft spheres dressed by elastodynamic cloaks, which are shown to considerably reduce the soft spheres' scattering. However, these cloaks do not appear to provide wave protection, and can even lead to large elastic field enhancement within the soft spheres upon cloaks' resonances.
I. INTRODUCTION
Eight years ago, two groups of physicists unveiled theoretical paths toward the design of invisibility cloaks for electromagnetic waves, by making geometric transforms in the Maxwell's 1 and Helmholtz's 2 equations. Such transforms conceal a region of space (e.g. by blowing up of a point on a disc, or a sphere). This prompted mathematicians to investigate coordinate changes in other wave equations, notably the Navier equations for elastic waves 3 . The main difference between Maxwell's and Navier equations is that the former retain their form under coordinate changes, unlike the latter. Notably, in 4 the design of a cylindrical cloak for in-plane elastic waves with an asymmetric elasticity tensor resulting from a radially symmetric geometric transform was investigated numerically as a modified version of the Willis' type 5 transformed equations derived in 3 . The seemingly irreconcilable structures of transformed Navier equations studied in 3,4 were later encompassed within a more general elasticity framework 6 . In parallel to the developments of these theoretical and numerical works, engineering science has gained a prominent position in the metamaterials community, as more and more groups worldwide get to work on the design, fabrication and characterization of so-called acoustic metamaterials. Notably, water wave 7 and acoustic [8] [9] [10] [11] [12] cloaks have been investigated. Acoustic metamaterials for lensing 13 and other transformation based imaging systems have given rise to a flourishing literature 14 . Regarding bulk elastic waves, some theoretical [15] [16] [17] and experimental 18 progress has been made in the control of flexural elastic waves in thin plates. In that case, the transformed governing equations (e.g. Kirchhoff) have a simpler structure which helps engineer structured cloaks.
In the present article, we investigate spherical cloaks for solid elastic waves using a radially symmetric linear geometric transform which depends upon a positive parameter no greater than 1. This can be viewed as a generalization of the work 19 which corresponds to the case when the parameter is zero. We discuss their underlying mechanism and illustrate the theory using a finite element approach which is adequate to solve the Navier equations in transformed anisotropic heterogeneous media with asymmetric elasticity tensors.
The propagation of elastic waves is governed by the Navier equations. Assuming time harmonic exp(−iωt) dependence, with ω as the angular wave frequency and t the time variable, allows us to work directly in the spectral domain. Such dependence is assumed henceforth and suppressed leading, in spherical coordinates, to
where the quantity of motion p = (p j ) and the stress tensor σ = (σ ij ) are related to the displacement field u = (u j ) via
with i, j, k, l = r, θ, φ , where C := (C ijkl ) is the rank-four elasticity tensor, ∇u is the deformation tensor, see (A2), and ρ the density of the elastic medium.
From now on, we consider Equation (1) in an isotropic homogeneous elastic medium with Lamé parameters λ and µ , so that C has the following 21 non-zero coefficients: C iiii = λ + 2µ and if i = j, C iijj = λ , C ijij = C ijji = µ.
Following
6 , let us consider the coordinate change x = (r, θ, φ) −→ x = (r , θ , φ ) and assume that the resulting transformed displacement u = u (r , θ , φ ) is linearly related to u as u = A T u , with A a second order tensor field in general. Below, we will let S and D denote some third order tensors possibly encompassing a iω dependence. The above coordinate change leads to a transformed equation
whereby the transformed p = (p j ), stress tensor σ = (σ i j ), rank-four elasticity tensor C = (C i j k l ) and density ρ = (ρ i j ), are now related to the transformed u = u (r , θ , φ ), by
with i , j , k , l = r , θ , φ and ∇ the transformed gradient written in transformed coordinates. One notes that the transformed stress σ is generally not symmetric and the density ρ is now a second order tensor. In order to preserve the symmetry of the stress tensor, one has to assume 6 that A is a multiple of the Jacobian matrix ∂x /∂x of the transformation, i.e A ij = ξ (∂x /∂x) ij , where ξ is a non-zero scalar, in which case one obtains a Willis-type equation 3,5 . However, there is one special case for which u = u when A is the identity matrix I, which leads to 4,19
where the body force is assumed to be zero, the elasticity tensor C does not have the minor symmetries (Cosserat Material) and the stretched density ρ is a scalar field. This equation is derived from (4) by noting that S = D = 0 when A = I, see 6 . In the sequel, we work in the framework of (3) coupled with (5).
II. KOHN'S TRANSFORM FOR NON SINGULAR ELASTIC CLOAKS
Let us now consider the geometric transform, which was first introduced in the context of cloaking in the conductivity equation
This geometric transform maps, in a one-to-one smooth way, a sphere 0 ≤ r ≤ ηr 1 of radius ηr 1 onto the sphere 0 ≤ r ≤ r 1 and the shell ηr 1 ≤ r ≤ r 2 , onto the shell r 1 ≤ r ≤ r 2 , see Figure 1 . In the cylindrical case, design of transformation-based Cosserat elastic cloaks has been first discussed in 4 , where it only involved a tensor C with 8 non-vanishing coefficients. In the present spherical case, we need to consider a tensor C with 21 non-vanishing coefficients 19 . Moreover, the displacement field has three components in our case. By application of transformation (6) in the region 0 ≤ r ≤ r 2 , the Navier equations (1) together with relations (2) are mapped into the equations (4) coupled with (5), with
where a = r2−ηr1
r2−r1 and b(r ) = (r −r1) r a + ηr1 r , and the elasticity tensor C has 21 non-zero spherical components, Figure 1 : Illustration of geometric transform (6) with (A) its graph as a broken line and (B) the subsequent stretch of elastic space from x = (r, θ, φ) (left) to x = (r , θ , φ ) (right), where r1 and r2 are the inner and outer radii of the spherical cloak, respectively. In terms of material parameters a small sphere of radius η coated by a hollow sphere of outer radius r2 (left) both of which with an isotropic homogeneous symmetric elastic constitutive tensor C and a homogeneous scalar density ρ, are mapped onto a larger sphere of radius r1 with an isotropic homogeneous symmetric elastic constitutive tensor ηC and a homogeneous scalar density ρη 3 , which is coated by a hollow sphere of radius r2 with a heterogeneous asymmetric elastic constitutive tensor C , see (8) and a heterogeneous scalar density ρ , see (7) . namely C r r r r = (λ + 2µ)
C r r θθ = C θθr r = C r r φφ = C φφr r = λb(r ),
C r θθr = C θr r θ = C r φφr = C φr r φ = b(r )µ,
Inside the resulting ball of radius r 1 , the density and elasticity tensor, here denoted by ρ and C respectively, are obtained from formulas (7)- (8) by setting a = η = b. Namely,
and C = ηC, that is C is isotropic, homogeneous and fully symmetric, with 21 non-zero spherical components, as follows C r r r r = C θθθθ = C φφφφ = (λ + 2µ)η,
III. PHYSICAL DISCUSSION OF THE STRUCTURE OF THE ELASTICITY TENSOR
One notes that when η = 0, (7) and (8) 1 and when η = 1, Kohn's transform reduces to the identity so that (7)- (10) all have the same entries as the elasticity tensor of the surrounding medium.
As discussed above, one should note that the minor symmetries are broken and b(r 1 ) = η which means C θθθθ /C r r r r = C φφφφ /C r r r r is 1 η 2 at the inner boundary of the cloak (anisotropy of 1 η 2 ), unlike in our previous work 19 , wherein the anisotropy was infinite (since η was equal to zero). Moreover, the off-diagonal components are also constant at the boundary r = r 1 . The physical interpretation is that shear and pressure waves propagate much faster (the smaller η, the faster) in the azimuthal and elevation directions than in the radial direction on the surface of the inner boundary. In fact, the waves' acceleration in azimuthal and elevation directions makes possible a vanishing phase shift between an elastic wave propagating in an isotropic homogeneous elastic medium, and another one propagating around the core region (without this acceleration, it is clear that the longer wave trajectory in the latter case would induce a deformed wavefront in forward scattering, see e.g. the shadow region in the lower panels of Figure 2 ). One should also note that there are no infinite entries within the elasticity tensor, unlike for the cylindrical cloak studied in 4 . Interestingly, Kohn's transform Let us further note that comparing (8) and (10) at r = r 1 , for i, j = r , θ, φ and i = j, we have C iijj = C iijj = λη and C ijji = C ijij = C ijji = C ijij = µη, which means that these entries of the transformed elasticity tensor are continuous across the interface r = r 1 . However, C rrrr /C rrrr = η/a and C θθθθ /C θθθθ = C φφφφ /C φφφφ = a/η (C is the tensor in the inner ball). This is in accordance with the fact that the elasticity tensor C is strongly anisotropic in the azimuthal and elevation directions, whereas C is isotropic and has entries of order η.
Let us now note that when r = r 2 , the geometric transform (6) leads to r = r 2 . In this case, the transformed density is ρ = aρ as b(r 2 ) = 1 and the diagonal components of the transformed elasticity tensor reduce to C r r r r = (λ + 2µ)/a , C θθθθ = C φφφφ = (λ + 2µ)a , hence C r r r r = C rrrr /a and C θθθθ = aC θθθθ and C φφφφ = aC φφφφ on the outer boundary of the cloak. This expresses the fact that a stretch along the radial direction is compensated by a contraction along the azimuthal and elevation directions in such a way that elastic media (cloak and surrounding isotropic elastic medium) are impedance-matched at r = r 2 . The cloak's outer boundary therefore behaves in many ways as an impedance matched 'thin' elastic layer. However, we note that the components of C pose no limitations on the applied frequency ω from low to high frequency, unlike for the case of coated cylinders studied back in 1998 in the context of elastic neutrality by Bigoni et al. 21 . The fact that C does not depend on ω, i.e. the cloak consists of a non-dispersive elastic medium, makes it work at all frequencies, but one should keep in mind that any structured medium designed to approximate the ideal cloak's parameters (e.g. via homogenization) would necessarily involve some dispersion, and thus limit the interval of frequencies over which the cloak can work. Such a feature has been already observed in 16, 18 , for cloaking of flexural waves in thin-elastic plates.
IV. NUMERICAL IMPLEMENTATION AND ILLUSTRATIONS
Let us now numerically investigate the cloaking efficiency. In order to do this, we implement the 3 4 spatially varying entries of the transformed tensor in Cartesian coordinates in the finite element package COMSOL MULTIPHYSICS. We mesh the computational domain using 1105932 tetrahedral elements, 36492 triangular elements, 1128 edge elements and 25 vertex elements.This domain consists of an isotropic homogeneous elastic medium within a sphere of radius r 3 = 10 m, containing a small sphere (an isotropic homogeneous medium) of radius r 1 = 2 m surrounded by the cloak (a heterogeneous, anisotropic elastic metamaterial in a spherical shell of inner radius r 1 = 2 m and outer radius r 2 = 4 m ) and a point force located at (4 m, −7 m, 0 m), where (0, 0, 0) is the center of the cloak. The sphere of radius r 3 = 10 m is itself surrounded by a spherical shell of inner radius r 3 and outer radius r 4 = 12 m, which is filled with an anisotropic heterogeneous absorptive medium acting as a (reflectionless) perfectly matched layer (PML).
A. Elastic spherical perfectly matched layers
This elastic spherical PML is deduced from a geometric transform
where we consider the radial function s r (r) = 1 − i. This transform leads, in the same way as (6) did for C and ρ , to a heterogeneous anisotropic asymmetric elasticity tensor C and a scalar (homogeneous) density ρ , whose expressions are obtained by taking a = 1 − i, b(r ) = 1 in (7)- (8) . Since the elastic waves are damped inside the PML and reach the outer boundary of the shell with a vanishing amplitude, we set either clamped or traction free boundary conditions at r = r 4 (we have checked this does not affect the numerical result).
B. Finite element results
One should keep in mind that any numerical implementation in a finite element package requires a Cartesian coordinate system. In our case, we used COMSOL where the transformed elastic tensors C for the cloak and C for the PML had up to 81 non-vanishing spatially varying entries. A good way to detect any flaw in the numerical implementation is to compare the solution to the problem for a time harmonic point source in an isotropic homogeneous medium (supplied with spherical elastic PML), see the center panel for η = 1 in Figure 2 , with the solution to the same problem when we have cloaks surrounding certain soft spheres, as shown in other panels in Figure 2 , where we vary the η parameter in the range 0.001 (extremely soft sphere and cloak with nearly singular strongly anisotropic elasticity tensor with marked minor symmetry breaking) to 0.5 (mildly soft sphere with weakly anisotropic and asymmetric elasticity tensor). The magnitude of the elastic displacement outside the cloaks is virtually indistinguishable from that of the center panel (case η = 1).
One can see in Figures 3-4 that the deformation of the elastic medium outside the cloak is nearly identical to that of the isotropic homogeneous elastic medium (we use the normalized density ρ = 1 and Lamé parameters µ = 1 and λ = 2.3, for respectively the shear modulus and the compressibility). By comparison, the deformation of the elastic medium is clearly visible for the soft sphere (of normalized density ρ = η 3 and Lamé parameters µ = η and λ = 2.3η) without the cloak. The small discrepancy between the upper and lower panels in Figures 3-4 is attributed to the artificial anisotropy induced by the mesh (it is not radially symmetric, see 19 ) and the small absorption due to PML. Plots of elastic deformation can be somewhat misleading, and we therefore add plots of the magnitude of the elastic displacement field in Figure 5 (scattering by a soft sphere for angular frequencies varying in the range 2 to 4.5 rad.s −1 ) and Figure 6 (scattering by a soft sphere surrounded by the cloak for angular frequencies varying in the range 2 to 4.5 rad.s −1 ), where it should be noticed that the shaded region behind the soft sphere in in Figure 5 (drop of wave amplitude and phase shift), is almost completely removed in Figure 6 thanks to the cloak. Upon inspection of these two figures, one can clearly see that the elastic field scattered by a soft sphere clothed with the cloak is virtually indistinguishable from bare isotropic elastic space.
It is also important to have some quantitative criterion regarding the possible wave protection inside the cloaked region (the soft sphere within the cloak). It seems plausible that the elastic wave displacement vanishes inside the cloaked region, but this is in contradistinction with plots of elastic field magnitude in Figures 2 to 6 . However, these results may not be representative of the cloak's behavior at other frequencies. It is also possible that other parameters η lead to cloaks offering a better wave protection. In order to check more thoroughly what is the level of wave protection depending upon the wave frequency and the value of η (in a two-parameter space), we plot in Figure 7 the L 2 -norm of the elastic displacement field within the sphere for given frequencies (see curves 1 to 6) against the parameter η. We conclude that the most favorable pair of parameters is within an interval centered at ω = 3 rad.s and η = 0.1, which is indeed the values used in Figures 2 to 6 . We can conclusively say that our cloak works well in terms of invisibility but does not offer a wave protection. We shall see in the next section, that the cloak actually makes a concentrator for elastic fields at specific frequencies. (8) and (7) of outer radius 4m dressing a soft sphere of radius 2m with Lamé parameters µ = η, λ = 2.3η and ρ = η 3 , with η = 0.001, 0.01, 0.1, 0.2, 0.3, 0.4, 0.5 and the same soft sphere alone (third row and the last two images of the middle row) within a homogeneous isotropic medium with Lamé parameters µ = 1, λ = 2.3 and ρ = 1. Numerical illustration of the magnitude of the elastic displacement u 
V. ESTIMATE OF LOCAL RESONANCE INSIDE THE CLOAK
Let us now assume that λ = 0 and u = u(r), then the three components of the displacement field are all solution of the scalar Helmholtz equation in spherical coordinates:
where µ r (r) = µ 0 (r − r 1 ) 2 /r 2 , µ θ (r) = µ φ (r) = µ 0 r 2 /(r 2 − r 1 ) and ρ(r) = ρ 0 ((r − r 1 ) 2 /r 2 )(r 3 2 /(r 2 − r 1 ) 3 ). The general solution of (12) is expressed in terms of spherical Bessel functions of first and second kinds:
Then, assuming that du i (r 1 )/dr = 0 and u i (r 2 ) = 0 for all three components, we find that the eigenfrequency should satisfy the following equation
which gives the frequency estimate ω ∼ 1.52 rad.s −1 for µ 0 = ρ 0 = 1 since the first zero of Y 0 (x) is 3.8317. This frequency estimate is in a reasonable agreement with the finite elements' solution ω = 1.85 rad.s −1 for the first resonance, which corresponds to the large elastic field enhancement shown in Fig. 8 . The frequency estimate for the second resonance is ω ∼ 2.79 rad.s −1 since the second zero of Y 0 (x) is 7.0156 and this is also in reasonable agreement with the finite element's solution 3.1 rad.s −1 , which corresponds to the second peak in Fig. 8 . The discrepancy between asymptotics and numerics could also be attributed to some unavoidable shift in resonances induced by the absorption within the PML (wherein the elastic parameters have a small imaginary part in order to damp the outgoing waves). Indeed, one should note that in Fig. 7 and 8 that we compute a real valued L 2 -norm of the complex valued elastic displacement u by multiplying its components u i by their complex conjugatesū i . However, if we now choose to compute the complex valued L 2 -norm u = u 2 1 + u 2 2 + u 2 3 and then take its real part u , then it transpires from Fig. 7 and Fig. 9 that there is a shift induced in the frequency corresponding to the global minimum of elastic displacement norm within the soft sphere for η ranging from 0.001 to 0.5. Indeed, this global minimum occurs at η = 0.1 for a frequency around ω = 3 rad.s −1 in Fig. 9 , instead of η = 0.1 for a frequency around ω = 3.5 rad.s −1
in Fig. 7 for the real valued L 2 -norm. We further note that these local resonances are reminiscent of those unveiled in 22, 23 in the context of almost trapped eigenstates in quantum cloaking and sensors. This suggests some sensing potential in elastic waves.
VI. CONCLUSION
Finally, we would like to stress that main features of the spherical elastic cloaks which we designed are their capability to make any soft sphere placed inside invisible to incoming elastic waves, not from a wave protection viewpoint, but from a substantial scattering reduction standpoint. Applications in anti-earthquake devices would require some further analysis, insofar as the elastic field can be dramatically enhanced within the cloak compared to a soft sphere on its own (note in passing that we considered a simplified model for soft spheres with real valued density and Lamé constants, although we appreciate that these might be complex valued 24 ). However, if one has in mind to make a cloak for the range of frequencies of earthquakes from 2 to 5 rad.s −1 , our design might form the elementary brick of a more elaborate seismic cloak, which might be designed with a different geometric transform.
Moreover, the material parameters of our cloaks are not frequency dependent, which is another pitfall since in practice one would fabricate some locally resonant structured materials in order to achieve the required density and elasticity tensor within the cloak, and we were limited below 2 rad.s −1 by the accuracy of the spherical PML (the larger the wave wavelength, the more absorption needed in PML) and above 5 rad.s −1 we are limited by the computational resources (numerical computation at 10 rad.s −1 required about 2 million tetrahedral elements for a converged result). A lot remains to be explored outside this range of angular frequencies. However, our study opens a route to research in seismic metamaterials, which is a very immature (but fascinating) field 25, 26 . We finally note that recent advances in fabrication and characterization of elastic metamaterials [27] [28] [29] could foster experiments in an approximate 3D elastic cloak. Of course, the metamaterial would only be able in practice to display a strong anisotropy on the cloak's inner boundary and it would only work throughout a finite range of frequencies. Its properties could be derived for instance from an effective medium approach in a similar way to what was proposed 16 and experimentally validated 18 for elastic waves in thin plates. An elegant alternative would be to use pre-stressed elastic media which would naturally have the required elasticity tensor for cloaking to be fully operational over a broad range of frequencies 30, 31 . 2 -norm u = √ u1ū1 + u2ū2 + u3ū3 of the displacement field inside the small soft ball of radius r1 = 2 m, for the fixed value η = 0.1, when surrounded by the cloak of outer radius r2 = 4 m, alone and when its elastic properties are replaced by those of the ambient isotropic homogeneous elastic medium. The point force is as in Fig. 2-7 .
